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1 Introduction 



Interest in group actions with the property that the orbit space has greater 
dimension than the original space is motivated in part of P.A.Smith's gen- 
eralization of the Hilbert's fifth problem. It asserts that among all lo- 
q>^ | cally compact groups only Lie group can act effectively on manifolds. It 

is now known as the Hilbert-Smith conjecture. The Hilbert-Smith conjec- 
ture is known to be equivalent to the conjecture that a compact topologi- 
cal group acting on a compact topological manifold cannot have arbitrarily 
CN ■ small subgroups. By the work of Newman and Smith, it is sufficient to 

prove the special case when the topological group is the p-adic integers 
| Z p = lrm{<p n : Z/p n+1 Z — > Z/p n Z}, where (j) n is the mod p n mapping. 

a' 

S ■ C.T.Yang showed that for any n-manifold M n , the orbit space M/Z p 

must have integral cohomological dimension dim%M /Z p = n + 2, and more 
^ , generally, for any locally compact Hausdorff cohomological n-dimensional 

space X supporting an effective 7L p action, dim^X /Z p < n + 3. For locally 
compact finite dimensional metric space X, dimz X = dim X, hence Yang's 
results imply that if X is metrizable, then dimX/Z p < n + 3 or dimX/Zp = 
oo. 



Although no effective action of p-adic group on manifolds has yet been 
constructed, there do exist p-adic group actions on Menger manifolds. Let 
X be a //"-manifold. Then there are three constructions of Z p actions on X. 
(1) Every compact 0-dimensional metrizable group G acts effectively on X 
so that dim X/G = dim X. Hence p-adic group acts on Menger compacta. 
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This is done by Dranishnikov [I] and Mayer and Stark 8J using Pasynkov's 
partial product description of fj, n . K. Sakai ^U] has another construction. 

(2) Z p acts freely on X so that dimXjTL v = n + 1. This example depends 
on the work of Bestvina, Edwards, Mayer and Stark [H]. 

(3) TL p acts on X so that dimXjTL v = n + 2. This is done by Mayer and 
Stark 8 , based on a construction of Raymond and Williams [Sj • 

In contrast, no example has been constructed where dimX/ r L p = oo. 
A.N. Dranishnikov and J. E. West proved that any compact metric space Y 
is the orbit space of a G-cation on a metric compactum X with dimi p X = 1, 
where G = Y\^i(Z/p). But their paper has an error in their lemma 15. 

The goal of this paper is to fix their error and generalize their group G 
to TL p . 

2 The construction 

Notations: 

(1) For a given set S of positive integers, we define Gs = Ilies %/p 1 - 

(2) Given a sequence K = {ki}'^L 1 , we define K* = {A;2n-i}^i- 

(3) If B = {ki | i G A}, where A is a subset of iV (the set of all positive 
integers), we define K — B = {ki}^^. 

(4) For the sets of integers in this paper, we will allow them to contain 
repeating elements, and the union is always a disjoint union. If you like, 
you can think them as sequences, finite or infinite. 

Given a prime p, an infinite sequence K of positive integers, and any 
finite dimensional simplicial complex L, we will define L{K). 

Let's work on a simplex first. Let L = A m , and L' be the first barycentric 
subdivision of L. Let = L(°) = L (0) , LW = LW' = L {1) , K = K x = K, 
Bq = B\ = 0, iVo = N\ = 1. We will inductively construct the following 
diagram: 
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Suppose 5^ : L( fc ) ^ L^' have been constructed, such that: 

(k.l) for each (k + l)-simplex A of L^ k+1 \ s^(AW) is a closed oriented 
/j-manifold, 

(k.2) the map rfc_i : s^ 1 (L^' -1 )') — > £(fc-i) is a AT fc _ 1 -l covering map, 
(k.3) for any simplex cr £ A^', : s^" 1 (a) — > <r is a Ili=i to 1 covering 
map, 

(k.4) for any (fe)-simplex A of , the induced map H 1 (s' k \(A ( - k ~ 1 ^), Z/p) — > 

^(s-^A^-i^Z/p) is trivial, 

(k.5) vr 1 ( Sfc 1 (A( fc - 1 )))M( S ^ 1 (A( fc - 1 ))) - G BKk i , 

(k.6) GB fc acts on s^T """(L^ -1 )') with £(fc-i) as orbit space. It is a free sim- 
plicial action, 

(k.7) Y\i = iGB k acts on s^ 1 (A^) simplicially, and the orbit space is 
Hence Y\ k =1 C_B fe acts on L^) simplicially, and the orbit space is L^', 

(k.8) Themapgfc : Ln^—s^ 1 ^^ -1 ^') — > L( fe )— L^ -1 ) is a homeomorphism. 

Lemma 1. ff'fs^AW)) zs a /ree abelian group. There exists a regular 
covering space 



Tri^/Trito^AW))^ G fl 



Hence Gs k+1 acts on E as the deck transformation group. 

Proof. s^AW) is an oriented fc-dimensional closed manifold, hence their 
iJfc-i is a free abelian group, so is its H 1 . 

Let G denote tt\(s^ 1 (A^)), G 1 be the commutator subgroup of G, 
{gi,92, • • • 5 9i} be the set of free generators of Hi(s k 1 (A^)), and T be the 
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torsion subgroup of Hi. Let / denote the natural map tti — ► tti/G 1 = 
Hi. Denote the first I integers in K k by ni,n2, • ■ ■ W/. Define B k+ i = 
{ni, ri2, ■ ■ ■ ni}, N k+ i = N k x Y[l=iP ni - Let G' denote the subgroup of 
m generated by /^({g^, gf*\ ■ ■ ■ ,^ (n() }UT). (G 1 C G') It is a nor- 
mal subgroup of G. G/G' = Yl\=i Z / \p ni ) = G Bk+1 - There is a canon- 
ical regular covering space of s^ 1 (A^), denoted as E, corresponding to 
the group G'. E is a closed oriented /c-manifold. r k : E — > s~^ l {A^) 
is a |G : G'\ = Yti=iP ni covering. (This serves the proof for (k+1. 2) 
and (k+1. 3)), and G/G' ~ Gs k+1 acts on E as the deck transformation 
group, with s^ 1 (A^) as orbit space. (This serves the proof for (k+1. 5) and 
(k+1.6)). □ 



For any (k + l)-simplex A of L^ k+l \ we get the covering space E. Let 
cE be the cone of E. It is a contractible oriented (k + l)-manifold with 
boundary. There is a natural projection s k+ \ '■ cE — > A, which is a branch 
covering. GB k+l acts on cE in the obvious way. (This serves the proof for 
(k+1.7)). By (k.3), for each a e A', s k+1 : (s^)" 1 ^) -> * is Elm to 
1 covering map. (This proves (k+1. 3)). Let Efc+i = E& — B k +i- 

Case 1: If k + 2 < m, then for any given a (/c+2)-simplex A of L^ k+2 \ it has 
A; + 3 faces, say Ai, A2, • ■ ■ , A k+3 . For them, using the above construction, 
we get cones C1E1, c 2 E 2 , ■ ■ ■ , c k+3 E k+3 . 

For any i ^ j, Ei is homeomorphic to Ej. Aj meets Aj along one k- 
simplex a. We pick one homeomorphism : Ei — > Ej, such that the 
following diagram commute: 

Ei — > Ej 

s k \A^)^-s k \Af) 

Af -Af 

and h ij (r k s k )' 1 (a) = (r'^)' 1 (a) . 

Denote the projection E — > A( fe ) by Pr. Given <jj € Ej and Oj € Ej, 
if Pr(ai) = Pr(a 2 ) = <r and hij(a\) = <r 2 , we glue the (A; + 2)-simplexes 
Cj(7i, Cj(i2 of CjEj, CjEj along <ti and a 2 via Do the same for all the pairs 
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Ei and Ej. It can be proved easily that each a is glued to exactly one other 
a'. So we get a (k + l)-manifold. (This proves (k+1.3)). 

Do the same for all (fc+2)-simplexes of L^ k+2 \ we get a k+1 dimensional 
complex, denote it as L( k+1 y 

Case 2: If k + 2 > m, then k + 1 = m. For the unique m-simplex A, we 
get a cone cE. It is the L( m ) . 

Now we want to have the following diagram: 

V^ (fe)/ ) 



\k) 



J (k+l) 



L (k+1)> 



'fc+1 



The only thing missing here is L( fc+1 ) . Since we have the map o pk : 



(£) L( fe ), we can define L( fe+1 ) as the following: in 
take any fc-simplexes o~i, o"2, if r& op fc (o~i) = r k °Pk{°~2)i then we glue 
them together. (This proves (k+1. 8), and also serves the proof for (k+1. 7)). 

Hence we get an inclusion: L( fe ) — > This finishes the construction for 

the step k + 1. 

Let K' = U^L-L-Bj. We have G^/ acts on L with V as orbit space. 
For general m-complex, we define L(K) to be the pull back: 



homeo 




subdivsion 



A 



^ rn homeo 



Lemma 2. For each (k + l)-simplex A of L^ k+l \ the induced map g| : 
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Proof. By the universal coefficient theorem for homology, we have: — > 
Hi{C) ®Z/p -» H^C-Z/p) -> Tor(H (C),Z/p) -> 0. In the case iJ (C) is 
free, we have ffi(C) ® Z/p = Hi{C,1/p). 

Using the relation between 7Ti and iTi, we get the following commutative 
diagram: 



H\{E) 



■H^E-'L/p) 



ttiO^CAW)) ^i(^(AW)) ^(AWjiZ/p) 

The image of 7n(£) in tt^s^^AW)) is G", while G"s image in ^(s^AW); Z/p) 
is 0. The map 7Ti(.E) — > H±(E) — > H\{E;Z/p) is onto. Hence we know the 
map q k * : #i(£;Z/p) -> ^(^(A^); Z/p) is 0. 

For any chain complex (7, by the universal coefficient theorem for coho- 
mology, we have: -► Ext(H (C),Z/p) -» fl^CjZ/p) -» Hom(Hi(C),Z/p) -» 
0. In the case # (C) is free, we have fl^C; Z/p) ^ Hom(Hi(C),Z/p). And 
we have the following commutative diagram: 



H\E;Z/p) 



HomiHiiEj^/p) 



Since = 0, we know = 0. 
Lemma 3. Given any space M and any commutative diagram: 



□ 



«m 1 (^ (m - 1)/ ) 




it uniquely determines a map f : L M such that, for any x € L(^) — 
^(lC*- 1 )'), f'{q k {x)) = f k {x), where q k is the projection L( fe ) — > L fc . 
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Proof. For any x € L, there is a k > 0, such that x <G L( k ) — L( fe_1 ). The 
map qj, : — s^T 1 (L( fc-1 ) / ) — > L( fc ) — L( fe_1 ) is a homeomorphism. We 
define f'(x) = fkiq^ 1 ^))- This well defines the map /' : L M. □ 

Lemma 4. Given any subcomplex K of L, integers I > m > k > 0, any 
map f : K U — > B l (7jjp), there exists an extension f : L — > B l (JLjp). 

Proof. Without lose of generality, we suppose L = A m . Since B l (Z/p) is 
path connected, if in addition A; = 0, the map / can be extended to an 
/ : K U LO) -» B\7Ljp). The following diagram defines / : (fe^tfW) U 
^(iM^B'iZ/p). 




L(o) = L(°) C L« c L( 2 ) C • • • C L = LH 

We will construct the map by induction. Suppose we have / : q^li )U 
s fe+i( LW ') ^'(Z/p). Take any (k + l)-simplex A € L, where / is not 
defined on A, / is defined only on sj^li 

(A( fc )). 

cE^ 
^+i(A (fc) ) 

Sfc i( A (fc))C *B l (Z/p) 

Since the map r& : E 1 — > sr^A^)) induces a trivial map between 
PL x (JLlp) 1 the map f : E —* (B l (Z/p)) is null homotopic. Hence / lifts to a 
map £ -» E l (Z/p). On the other hand, Tn(E l (Z/p)) = for i = 1, 2, • • • ,m, 
we get an extension / : aE — > E l (Z/p) — > B l (Z/p). Do this for all the 
(A; + l)-simplexes of L, we have a / : £(fc+i) — > B l (7Ljp). 
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By induction, we get a map L( m ) — > B (Z/p), and we have the commu- 
tative diagram: 



(o) 



L (i) 



(2) 



(m) 



B\Z/p)-^B\Z/p) 



Ui > B l {Z/p) 



id 



id 



B l (Z/p) 



This defines the map L — > B l (Z/p). 



□ 



Given a finite dimensional simplicial complex L and an infinite sequence 
X of positive integers, we can construct a space X as following: 
Let K x = K*, Li = L(K{), B x = K[, K 2 = (K — B[)*. Inductively, let 
L k = L^[(K k ), B k = B k _ x U K' k , K k+1 = (K - B' k )* . (The way I define 
the Ki's satisfies tow conditions: (1) each Ki is an infinite sequence, (2) 
UBi = K. ) 

Let X be the inverse limit of p k +i : L k+X — > L^. The group G = Ilieft' -^/p* 
acts on L, and the quotient space is L. 

Theorem 1. For any compact metric space L, and any prime p, L is the 
orbit space of a G-action on a metric compactum X with dimi p X = 1, 
where G is a compact group. 

Proof. If L is a finite dimensional simplicial complex, the X is the space we 
construct above. . 

To prove that dimi/ p X < 1, it is enough to show that the restriction map 
i* : H 1 (X;Z p ) — > H l {A;Z p ) is surjective for any closed subset A C X. It is 
equivalent to show that any map <f> : A — > K(Z P ; 1) extends to X. We can 
use of the fact that K(Z p ; 1) is a neighborhood retract to relate <j) to maps of 
|Lj| into K(Z p \ 1). Consider the infinite mapping cylinder of the inverse 
system {pi : <— |Li|}^ 3 , that is, let Mj be the mapping cylinder of 

Pi, and for each i, identify the copy of in Mj with the domain end 

of Mj_i. Let Cj = Uj =1 Mj. Then the collapses generate an inverse system 
Ci-i <— Cj containing <— with inverse limit Z = U X. Now 

A C Z and cp : A ^ K(Z P ; 1) extends to a map <I> : Z7" — > K(Z p ; 1) where U 
is an open neighborhood of A in Z. 
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The collapses of the mapping cylinders Mj are connected to the identities 
of the Mi by one parameter families of retractions which extend to give a 
one-parameter family of retractions r% '■ Z — ► Z of Z, < t < 1 with r\ the 
identity and ro the retraction onto \L\ \ and such that for t n = (n— l)/n, r tn is 
the projection onto C n . By compactness, there is an n such that r t (^4) C U 
for all t > t n —i, so Borsuk's homotopy extension theorem implies that <j> 
extends to X provided that $ o r n extends to|L n |. For n sufficiently large, 
the union T of all subcomplexes of L n of the form p~ l (o) for simplices a of 
|L„_i| that (rnr tn (i) C EZ. Let * = $| T : T -> K(Z p ; 1). By lemma, * can 
be extend * : |L n | — > K(Z p ; 1). Thus, extends to X, hence dimi p X < 1. 

To prove the general case, we first construct a space X over the Hilbert 
cube as follows: 

For n = 1, let X\ = /, K be any sequence of positive integers, i^i = i^T*, 
B\ = 0. For each n consider the projection I n+1 — > I n and the following 
diagram: 



X 



n 



X 



n+l 



. jn+1 



Pn+l 



9n + l 



X 



n+l 



where q n is assumed by induction, X n+ \ is a pull back, X n+ \ = X n+ i(K n+ i), 
K n+1 = (K — B' n )*, B n+l = B n U K' n+1 . Let: q n+1 = p n+1 o : X n+1 
I n+1 . Let G n = x G n _i. 

By induction, we have an action of G n on X„, with orbit map q n , so we 
get an induced action of G n+ \ on X n+ \ with orbit map g n +i. dimz p X n+ i = 
1. Now form the inverse limits: 




We now have an action of infinite product FJ — Gk on X with orbit 
map q. 

Using a similar construction as before, i.e. the infinite mapping cylinder, 
we can prove dimz p X < 1. Actually, each dimz p Xk = 1, so the extension 
clearly exists. 

To complete the proof, let L be any compact metric space, embed L in 
I°°, and let X = q^iL). 
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□ 



Note: 

(1) If we choose K = {1, 1, 1, • • ■ }, then G = JJI^/p. This fixes the error of 
A.N.Dranishnikov and J. E. West's paper. 

(2) If we choose K = {1, 2, 3, • • ■ },Jbhen G = n~i Z/pj. On the other hand, 
Z p is a subgroup of G, so we get a Z p group action on L. I guess the quotient 
space has dimension infinity, but I haven't proven it yet. 

Theorem 2. Given any integer n > 2, any prime p, any sequence K of pos- 
itive integers, there is an action of G = Gk on a compact, two-dimensional, 
metric space X such that dimX/G = n, moreover, dimX x X = 0. 

Proof. This follows the same proof as the proof of Theorem A of [D]. □ 

Corollary 2.1. For any p, K as above, there is an action of G = Gk on a 
compact, two-dimensional, metric space X^ such that dimXoo/G = oo and 
dimXoo x Xqo = 3. 
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